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1 Definitions and notation
Let 2 be a domain in R". We say that u € W1H2(Q) satisfies
Lu = D;(a” Dju + b'u) + ¢ Dju + du = D;f" + g weakly in €, (1)

where the coefficients a/, b?, ¢/, and d are measurable functions on Q and f% g € L*(Q), if
(@ Djut b0 D¢ = @Dju ) = [ (£ = g0) @)

for all test functions ( € C(2). We call u a weak solution to (1). Note that if (2) holds true
for all ¢ € C°°(£2), then by a continuity argument using C°(2) being dense in W;"*(€2), (2) holds
true for all ¢ € W,*(Q)

Observe that if the functions u, a, b%, ¢/, d, f% and g were sufficiently smooth on 2, for
example u € C?(Q), a¥, V", f € CY(Q), and cJ, d,g € C°(Q), then by integration by parts,

Lu = Di(a" Dju + b'u) + ¢ Dju + du = D; f* + g pointwise in € (3)

implies that (2) holds true and conversely (2) implies that

- [ 1= = [ (D + 0

for all ¢ € C'°(Q2), which since ¢ is arbitrary implies (3). However, (3) does not make sense under
the weaker regularity conditions that u € W2(Q), a”, V', ¢/, and d are measurable functions on
Q, and f, g € L?(Q2), whereas (2) does make sense under the weaker regularity conditions.

We shall assume the ellipticity condition

a”(2)&&; > AE|* for ae. z € Q and for all £ € R" (4)

for some constant A > 0. Note that for equations in divergence form we cannot assume that
a’(z) = a’'(x) for a.e. z € Q. It will be standard to assume that the coefficients are bounded
with

Z la ()2 < A2, A~ Z (16°(z)[* + | () |?) + A7 (z)| < v? for a.e. € Q (5)
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for some constants A, v € (0, 00).
We can similarly consider differential inequalities

Lu = D;(a” Dju + b'u) + ¢ Dju + du > (<)D;f* + g weakly in

for u € WH%(Q), which we take to mean that
/Q (" Dju+bu) Di¢ = (¢ Dju+ du)() < (2) /Q (F'Di¢ = g¢) (6)

for all non-negative ¢ € C°(Q) (or equivalently for all ¢ € W,*(Q2)).
We also want to consider the Dirichlet problem

D;i(a" Dju + b'u) + & Dju + du = D; f* + g weakly in €,
u = @ on OS2,

where u € WH2(Q), the coefficients a*, b%, ¢/, and d are bounded measurable functions on 2,
fioge L2 (), and ¢ € WH(Q). By u = ¢ on 0, we mean that

loc
u— e Wy*(Q).

Note that if Q, u, and ¢ are sufficiently smooth, namely Q is a C' domain and u, ¢ € C*(Q), then
u— ¢ € Wy(Q) implies that u = ¢ pointwise on d. To see this, recall that u — ¢ € Wy*(Q)
means that there exists a sequence of functions v; € C(Q) such that v; = u — ¢ in WH2(Q).
Thus

/(u—so)C-VZ/(D(u—so)-<+(u—90)diVC)
o0 Q

= lim [ (Dv; ¢+ v;div()

j—00 Q

= lim v;¢ v

=0,
for all ¢ € C°(R™;R"™), where v denotes the outward unit normal to 0. Since ( is arbitrary,
u = @ pointwise on 0f).

2 Maximum principle

Let Q be a bounded domain in R™. Let u € W?(Q2). By supg, u we mean the essential supremum,
- sgpu =inf{k e R:u <k a.e. in Q}.

By supgq u, we mean

supu = inf{k € R: (u— k)" € W, *(Q)},
o0

where v"(z) = max{v(x),0} for measurable functions v on €. Using the fact that lim. o L"({z €
Q:0 < u(z)—supyou < €}) = 0 and W, *(Q) is closed in W12(Q), given easy to see that (u—k)*
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converges to (u — supyo )t in Wy () as k | supyq u, so in particular (u — supyg u)* € W, %(Q).
We can similarly define

iréfu =sup{k € R:u >k a.e. in Q},

i(%fu —sup{k € R: (u—k)~ € Wy*(Q)}.

where v~ (z) = min{v(x), 0} for measurable functions v on Q. Given u € W12(Q), obviously u < v
means that u < v a.e. in Q. We say u < v on 09 if (u —v)* € W,*(Q).

Theorem 1 (Weak maximum principle). Let Q be a bounded domain in R™. Suppose u € W12(Q)
satisfies B ‘ ‘
Lu = D;(a"Dju+b"u) + ¢ Dju+ du >0 in 2

where a*, b', ¢/, and d are measurable function on Q satisfying (4) and (5) for some constants
0< A\ Av<ooand

[opg+ac <o @
Q
for all nonnegative ¢ € WOI’I(Q). Then

supu < supu’,
Q o0

where u™ (z) = max{u(z),0} for x € Q.
Heuristically,

Since if b" and d are sufficiently smooth (b* € WHH(Q) and d € L*(Q) is sufficient), then by
integration by parts D;b" +d < 0 a.e. in  is equivalent to (7). Thus we can interpret (7) as
meaning that D;b" +d < 0 weakly in . (7) is the analogue to ¢ < 0 in the case of the classical
elliptic operator Lu = a” D;ju + b'D;u + cu.

Proof of the weak maximum principle. We will use a standard type of proof technique using the
weak inequality

/ (a7 Dju+ ) DiC — (¢ Dyu + du)C) < 0. (8)

for all nonnegative ¢ € Wy*(Q).
Our first step it to use (7) to simplify the inequality. By rewriting (8) and using (7),

/ (aVDjuDi¢ — (V' + ) Dju¢) < / (=b'D;(u¢) + d(ug)) < 0. (9)
Q Q
for all ¢ € W,*(€2) such that ¢ > 0 and u¢ > 0 a.e. in Q. Note that u € W2(Q) and ¢ € W,*(Q)
implies that u¢ € W, (Q).

The case where v/ + ¢/ = 0 a.e. in 2 is particularly easy. We now will chose a particular test
function ¢ in (9), namely ¢ = (u—1)* for [ = sup,yq u*. Note that this ¢ is indeed in W,*(Q). By
(9) obtain

/ a’D;¢Di¢ < 0.
Q
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By (4),

A / D¢ < 0,
Q

so D¢ =0 a.e. in Q. Thus ¢ is constant on Q. In particular, since ¢ € Wy*(Q), ¢ = 0 a.e. in €.
Therefore
supu < [ =supu’.
Q 19)
Now suppose ¥ + ¢’ is not identically zero on . By way of contradiction suppose that

supu’ < supu.
a9 Q

Let | € R such that

supu’ < < supu.
o9 Q

Now we proceed with a standard type of argument. Like before, we choose our test function (, in
particular we choose ¢ = (u—1)T in (9). We note that ¢ € W,*(€). Then by (9)

/ a?Di¢Di¢ — (¥ + ¢)(D;() <0.
Q
Next we rewrite this inequality as
[aipene< [@+axng
Q Q
so that the integral of a"/ D;¢(D;( is on the left hand side and everything else is on the right hand

Side. Then by (4) and (5),

Next we move all the D( terms to the left hand side using the Cauchy inequality ab < ;lla2 + b?

for a,b > 0 to get
A
s [1pce <5 [ ipek+an? [ 1P
0 2 Jo r

where I' = {z € Q : D((x) # 0}, and then move the integral of |D(|? to the left hand side to get

DC|? < 412 2,
/Q| P < V/F|<| (10)

Note that here we used the fact that (|D¢{| = 0 on Q\ T to get an integral over I' on the right
hand side of (10). This will be important in a moment. The next step is to apply the Sobolev
inequality on the left hand side to obtain

1
o s4u2/|<|2
02 [2n/(n—2) .

for some constant C' = C'(n) € (0,00) and then apply the Hélder inequality to the right hand side
to obtain

1
@HCH%zn/m—% < 4y2|F|2/”||§||i2n/(n,2),
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where |S| denotes the Lebesgue measure of a set .S, which by cancelling ||C|| z2n/(n—2) > 0 implies
(2Cv)™ < |I. (11)

Now the application of the Sobolev inequality to the left hand side of (10) only makes sense if
n>2. Ifn=2 let 1 <n < 2. and note that by the (10), Sobolev inequality, and the Hélder
inequality

[ PP 1 oA
< |2 Do
< WPy (by (10)
< 20|TY2¢ | p2asca—a ry

so cancelling ||(||;2a/c2-) ) yields (11) in the case n = 2. Since I' is where ¢ = (u — [)* satisfies
¢ >0 and D¢ # 0, we can rewrite (11) as

C < |{z:u(x) >1, Du(z) # 0}]. (12)

Note that the set on the right hand side of (12) is decreasing (with respect to set inclusion C) as
[ increases. If supgu = 0o, let [ 1 oo in (12)to obtain u(x) = oo on a subset of Q with positive
measure, which contradicts u € L*(Q2). If supg u < oo, let [ increase to supg u in (12), we obtain
u = supgu and Du # 0 on a subset of €2 of positive measure, which is impossible by Lemma 1
below. ]

Lemma 1. Let u € WY2(Q). If u is constant on some measurable set S in 2, then Du =0 a.e.
on S.

Proof. WLOG suppose © =0 on S.

Recall that if f : R — R is a C'! function with bounded derivative and u € W(2), then
f(u) € WH2(Q) with weak derivative f'(u)Du. We claim that for ™ (z) = max{u(z),0}, ut €
W2(Q) with Dut(x) = Du(z) at a.e. x € Q with u(z) > 0 and Du'*(z) = 0 for a.e. x €  with
u(z) < 0. To see this, for ¢ > 0 let f. : R — R a smooth, convex function with f.(t) = 0 for
t <e/2and fl(t) =1 for t > e. Fix a test function ¢ € C°(Q). Since f.(t) = 0 for ¢ < 0 and

t—e< fot) <tfort>0,
+ _
[ e /Qfe(U)DC‘ << [ K1-0
as € /. 0. Hence

o ol
| wrp=tim— [ £n¢ =t [ fiwpuc [

el0

where the last step follows from the dominated convergence theorem and the fact that f/(u) =0
ifu<0and f/(u) T1if u>0.
By the same argument, we can show that for u™(z) = min{u(x),0}, v~ € Wh2(Q)
Du~(z) = Du(z) at a.e. x € Q with u(z) <0 and Du~(x) =0 for a.e. x € Q with u(z) > 0.
Since u =0 a.e. on S, Du™ = Du™ =0 a.e. on S. Since u = u" +u~, Du= Du™ + Du™ =0
a.c. on S. [

Corollary 1 (Uniqueness for the Dirichlet Problem). Consider L as above (i.e., satisfying (4), (
and (7)) Suppose u,v € W“2(Q) such that Lu = Lv in Q and u = v on Q (i.e. u—v € Wy*(Q
Then u=v a.e. in (.

)
).



3 Existence theory

Recall the following:

Theorem 2 (Lax Milgram). Let H be a Hilbert space, B : H x H — R be a bilinear functional
that s

Bounded: |B(x,y)| < Cy||z||xllylln for all x,y € H for some constant Cy € (0,00) and
Coercive: B(x,z) > Cyo||lz||3, for all x € H for some constant Cy € (0, 00).

Let F': H — R be a bounded linear functional on H. Then there exists a unique element z € H
such that
B(z,z) = F(x) for all x € H. (13)

Moreover, ||z||3 < (1/C)||F||. (References: Gilbarg and Trudinger, Theorem 5.8)

Proof. For every x € H, by Riesz representation applied to the bounded linear functional B(z,.),
there is a unique element Tx € H such that B(z,y) = (Tx,y)y and ||B(z,.)|| = ||Tz||. Since
B is bilinear, T' : H — H is linear. Also by Riesz representation applied to F, there is a unique
w € H such that F(z) = (w,x) for all z € H. Thus (13) is equivalent to

(Tz,z) = (w,z) for all z € H, (14)

which is in turn equivalent to
Tz = w. (15)

((14) implies (15) by choosing x = Tz — w.) Thus in order to show that there is a solution z to
(13) with [|z]|3 < (1/Cy)||F||, it suffices to show that T has an inverse function 7! : H — H
which is a bounded linear map with norm ||[77!| < 1/C,.

Since B is coercive,

Collzll3, < B(w, ) = (x,Tw) < |/l T2(.

SO
Collzllae < [[Tl3- (16)

Now we use (16) to show that T : H — H is bijective and [|T7|| < 1/2C%:

(1) T is injective: If Txy = Txy for some x1,x9 € H then T'(z1 — z2) = 0 in H and by (16)
|1 — @2ll3 = 0, s0 1 = 5.

(2) T has closed range: Suppose x; € H such that Tz; — y in H. Then by (16)
1
[2; — @l < @HT%’ — Tyl — 0

as j,k — 00, so x; is Cauchy. Thus x; converges to some z in H and y = T'x. .
(3) The range T(H) of T is H: Suppose there is a € T(H)+. By coercivity,
Coll=|f3, < B(z,2) = (T, ) =0,
so & = 0. Therefore T(H) = H.



(4) |T7Y < 1/Cq: Let y =T 'x. Then by (16),

1 1
T 2|y = < —|Tyllw = =2/
1Tl = Nylle < 1Tyl = -l

O

Theorem 3. Let Q be a domain in R™. Let a,b", ¢, d € L>®(Q) be coefficients satisfying (4) and
(5) for some constants 0 < A\, A,v < oo and (7). For every f', g € L*(Q) and ¢ € W12(Q), there
is a unique solution u € W42(Q) to the Dirichlet problem

Lu = D;f" 4 g weakly in €,
u = ¢ on 0. (17)

Moreover,
lullwrz@) < CUfll2@) + l9llz2) + llellwrz@)-

Proof. By the maximum principle, the solution to the Dirichlet problem is unique if it exists, so
what remains to show is the existence of solutions. By replacing u with v = u — ¢ and solving for
v such that Lv = D; f* + g — Ly weakly in Q and v = 0 on 912, it suffices to assume that ¢ = 0
a.e. on ().

Define the bounded bilinear functional £ : W, *(Q) x Wy*(Q) — R by

L(u,v) = /(aiijqu + b'uDv — ¢ Djuv — duv)
Q
and define the bounded linear functional F : Wy*(Q) — R by
PO = [ (7D = 90)

Clearly solving for u € W12(Q) satisfying (17) with ¢ = 0 is equivalent to solving for u € W, ()
such that
L(u,¢) = F(¢) for all ¢ € Wy2(Q). (18)

By Lax-Milgram, it suffices to show that L is coercive. Unfortunately, we only have
L(v,v) = /Q(aijDiijv + (0" — YvDjv — dv?)
>0 1D =X [ @ulellDol +o20R) oy (4) and (5)
> %/Q |Dv|* — 3)\1/2/97)2 (by Cauchy’s inequality),

so L is not necessarily coercive.
If we instead considered the problem of solving for u € W, *(Q2) such that

Lou = Lu — ou = D, f* 4+ g weakly in Q



for given f?, g € W,*(€), then the corresponding bilinear form
Lo (u,v) = /(aiijuDiv + b'uDjv — & Djuv + (—d + o)uw)
Q

would satisfy
A
Ly(v,v) > —/ |Dv|* + (0 — 3A\v?) / v?,
2 Ja Q

so L, is obviously coercive provided o is sufficiently large. By Lax-Milgram, there exists an inverse

map L' : Wy(Q)* — W,?(Q) such that for every bounded linear functional F € W, ?(Q)*,

u = TF is the solution to Lyu = F weakly in Q, i.e. L,(u,¢) = F(¢) for all ¢ € W,*(2).
Observe that Lu = F weakly in Q, where F' € W, *(Q)*, is equivalent to

u+oLl;'u=L'Fin Q. (19)

We know
L' WH(Q) € L2(Q) ¢ WH(Q) —» WH(Q),

which is compact since the embedding W, () C L*(Q) is compact by Rellich’s lemma. Note that
here the embedding L?(Q) € W,*(Q)* is defined by mapping v € L*(Q) to the linear functional
¢ — fQ v¢. Since L;! is a compact linear operator between Banach spaces, by spectral theory
for L;! either —1/0 is an eigenvalue of L;' or (19) has a unique solution u € W,?(Q) for all
F e Wy(Q)* and ||ullwiz@ < C|F|| for some C' = C(\,A,v) € (0,00). Since the solution to
the Dirichlet problem for L is unique by the maximum principle, in particular Lu = 0 weakly in

Q only when u = 0, —1/0 is not an eigenvalue of L' and thus there exists a unique solution
u € Wy?(Q) to Lu = F weakly in Q for every F' € W,?(Q)*. O

-1
o

The spectral theory for L
form:

we obtain the Fredholm alternative for equations in divergence

Theorem 4 (Fredholm alternative). Let
Lu = D;(a” Dju + b'u) + ¢ Dju + du in Q

for v € WH3(Q), where a b, ¢/, d € L®(Q) satisfying (4) and (5). There exists a countable,
discrete set ¥ C R such that

(a) if N\ & X, the Dirichlet problem, Lu + Mu = D;f" + g in Q, u = ¢ on 0%, has a unique
solution w € WY2(Q) for all i, g € L*(Q) and p € WH3(Q), and

(b) if X € X, the homogeneous problem, Lu+Au = 0 in Q, u = 0 on 082, has a finite dimensional
subspace of nontrivial solutions u € W, (Q). We call \ a Dirichlet eigenvalue of L.

(Note that some books, for example Gilbarg and Trudinger, define ¥ as the set of A such that
there is a nontrivial solution u € Wy*() to Lu — Au =0 in Q.)



4 Regularity theory

Theorem 5 (W?2?2 Interior Regularity). Let Q be an open set in R™. Suppose u € W12(Q) satisfies
Lu = D;(a”" Dju + b'u) + ¢ Dju + du = f weakly in Q
for an elliptic operator L with coefficients a¥ b € C*(Q) and ¢/, d € L.(Q) and a function f

with f € L2 .(Q). By elliptic, we just require that a”(x)&E&; > NEJ? for ;O()Cme A€ (0,00). Then
u € W22(Q) with

[ullw=2(ey < Clllullwro@) + 1 f]lz22)
for every Q' CC Q for some constant C' = C(n, L,,Q) € (0, 00).

Theorem 6 (I/V%”“2 Interior Regularity for k > 1). Let k > 1 be an integer. Let Q be an open
set in R™. Suppose u € WH2(Q) satisfies

Lu = D;(a" Dju + b'u) + ¢ Dju + du = f weakly in

for an elliptic operator L with coefficients a”,b' € C*'(Q) and ¢/,d € C*11(Q) and f € W,\22(Q).
Then v € WE2(Q) with

loc
[ullwrrez@y < Cllullwra@) + [ fllwez@)
if k> 1 for every Q) CC Q for some constant C = C(n, k, L, Y, Q) € (0,00).
Moreover, if Lu = f in Q for some elliptic operator L with coefficients a*,b', ¢’ d € C(Q)
and some f € C®(2), then by the Sobolev embedding theorem u € C*(£2).

The proof of interior regularity follows more or less from a difference quotient argument like
before using induction on k£ and energy estimates in place of the Schauder estimates in the case
k = 0. However, we need to establish that the obvious difference quotient operator

u(z + hey) —u(x
5l,hu(x) _ ( ;L) ( )7
where h # 0 and [ = 1,...,n, has the correct properties in the case that u is a Sobolev function.
We also need to be careful since 0, f is not necessarily bounded locally in W2 for f € W2 (Q).

loc
Lemma 2. Let u € WHP(Q) for 1 < p < co. Then o pu € LP(QY) for any Q@ CC Q with
dist(Q,0Q) > h and

(20)

H(SZ,hUHLP(Q’) < HDZUHLP(Q)'

Proof. Since C*(1) is dense in W1?(Q) (see Gillbarg and Trudinger Theorem 7.9), it suffices to
consider u € C*(Q) N WP(Q). We compute
1 [h
(G p() P = / 1 / Duule + te))dt
o |h Jo

p
dr  (by the fundamental theorem of calculus)

Ql

1 [h
g/ E/ |Dyu(z + te)|Pdtdz (by Holder’s inequality)
v Jo

1 h
< %/ |DlU<x -+ tel)|pd$dt (by Tonelli’s theorem / Fubini’s theorem)
0 Qf
1 h
< E/ / | Dyu(y) |Pdydt (by letting y = = + te;)
0 Q

< / Du(y)Pdy.
Q



O
Lemma 3. Let u € LP(Q2) for 1 < p < co and suppose

sup |0 pul| ey < 00 (21)
0<|h|<ho

for every Q' CC Q and hy = dist(Y',09). Then the weak derivative Dyu € LY () exists and

HDluHLp(Q/) S sup ||5l,hu||Lp(Q/).
0<|h|<ho

for every ¥ CC Q and hy = dist(Y, 0Q).
Proof. Example sheet. m
Proof of W%? Interior Regularity. Recall that
/((a”D]—u + b'u)Di¢ — (¢ Dju + du)() = — / f¢
Q Q
for every ¢ € Wy*(Q). Since b € C*(Q) and u € W2(Q), by integration by parts,
/aiijuDiC = /((b’ + ) Dyu + (Dib' + d)yu — f)¢ = / gC
) Q Q
for every ¢ € Wy*(Q), where g = (b + ¢/)Dysu + (D;b* + d)u — f. Replace ¢ by 6, _»( to get

/Q 0" (x + hey) D&y pulx) Di () de = /

5l7h(aiiju) DzC — / 5l,haij Dju DZC
Q Q

= — / a”’ Dju D;0;_pC — / 511" Dju Di¢
Q Q

= - / 901-nC — / d1.na” Dyu Di¢
Q 0
for every ¢ € Wy*(Q). Using (5), Cauchy-Schwartz, and the properties of difference quotients,

< llgllzz@ 101 -nCll2(2) + CllDull L2 [ DCH 220

< C(llgllz2) + 1Dl 20)) | DC 20

for every ¢ € W,*(Q), where ||g||,2 and || Dul| 2 are L? norms over the support of ¢, provided ||
is less than the distance of the support of ¢ to 0f).

Choose ' CcC Q and n € C3(Q) satisfying 0 <n < 1on Q,n=10n and |Dn| <2/d(Y, Q).
Then, taking ¢ = 7?8, pu, for h sufficiently small (depending on the support of 1) the previous
computation, the ellipticity assumption, and the assumption that || < 1 imply that

)\/172|D517hu|2d:17§/aij(m+hel)n2Dj5lvhu(x)Di5lvhu(m)dm
Q Q

/ a”(z + he)) Doy pu(r) Di((z) dx
Q

= / a’(x + hel)Djélyhu(x)Di(7725l7hu)(x)dx
Q

— 2/ aij(x + he))noypu(x)D;é pu(z) Din(x)dx
Q

< O+ ||gllz2@) + 1Dl L2 @)) ([n D6l 20y + ([ (01,01) Dl 2(0))
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Absorbing the D¢, pu terms into the right hand side and using the above lemmas to relate the
discrete difference quotient to the derivative, we find that

A

5 [ 1DfaPdr < C [ (uP + 1DuP + g,

2 Jor 0

Thus, because d;, Du is uniformly bounded in L?('), we see that u € W*%(Q2). Letting h — 0,
the estimate follows. O

Theorem 7 (W**22 Global Regularity). Let k > 1 be an integer. Let 2 be a C**? domain in
R". Suppose u € W2(Q) satisfies

Lu = D;(a” Dju + b'u) + ¢ Dju + du = f weakly in

for an elliptic operator L with coefficients a”,b' € C*'(Q), ¢/,d € C*11(Q), f € W*2(Q), and
o € WE22(Q). Then u € WH22(Q) with

ullw22) < Cllullz2@) + 1 fllz2@) + lellwz2@)

if k=0 and
ullwer2z@) < Cllullz2@) + [1flwre) + [l@llwrraz)

if k> 1 for some constant C = C(n,k,L,Q) € (0, 00).
Moreover, if Lu = f in Q and uw = ¢ on 08 for some elliptic operator L with coefficients
a’ bl d e C°(Q) and some f,o € C(Q), then by the Sobolev embedding theorem u € C™(Q).

The proof is fairly standard. We proceed by induction on k. To prove the W?%? regularity
near a point y € 0€), we can reduce to the case where ¢ = 0 by replacing v with u — ¢ and we
can replace to the case where y = 0 and QN Bg(0) = B}, by using a C! diffeomorphism. By
applying the difference quotient argument in the proof of W?2?2 interior regularity, using the fact
that n?u € Wy*(Q) when n € C2(R") is the cutoff function such that 7 = 1 on Bg/s, n = 0 on
R™ \ Bg, and |Dn| < 3/R, we can show that Dju € W'*(By ) for I = 1,2,...,n — 1. By the
differential equation,

@"Dyyu=f— Y a’Dyu— i (i Dia” + ¥ + Cj) Dyu= (i Dbl + d) w€ L(Bgp).

completing the proof that u € W>?(B} ).

Note that as an immediate consequence of the existence theory and global regularity, whenever
Q is a C* domain, a”,b",c',d € C=(Q) satisfy (4), (5), and (7), and f € C>=(Q), there exists a
unique function v € C*°(Q2) such that Lu = f weakly in 2 and u = ¢ on 092. As was discussed
previously, this implies that Lu = f pointwise in 2 and u = ¢ pointwise on 0f2.

Note that by using the scaling argument from the proof of the C** Schauder estimates for
classical solutions, we also get C** Schauder estimates on weak solutions to elliptic equations in
divergence form. For example:

Theorem 8 (Interior C'* Estimate). Let pu € (0,1). Suppose u € CY*(Bg(x)) satisfies
Lu = D;(a" Dyu + b'u) + ¢ Dju + du = D;f + g weakly in Bg(z)
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where 3
a”(2)&&; > NE|? for a.e. © € Bgr(zo) and all £ € R™

for some constant A > 0 and a”,b" € C**(Bg(xg)) and ¢',d € C°(Bg(xo)) such that

|aij|6,u;BR(zo) + R|bi|6,u;BR(xo) + R|Ci|0§BR(330) + R2|d|0;BR(xO) SS v

for some constant v € (0,00) and f* € C**(Bg(z¢)) and g € C°(Bg(z0)). Then

[l i a(w0) < CUlullr2Bro)) + B[t + B219l0Bace0)

for some constant C = C(n, \,v) € (0,00).

References: Gilbarg and Trudinger, Chapter 8.
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